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Abstract 

In this paper we consider the classification of singularities (Du Val) and real 
structures (Wall) of weak Del Pezzo surfaces from an algorithmic point of view. 

It is well known that the singularities of weak Del Pezzo surfaces correspond to 
root subsystems. We present an algorithm which computes the classification of these 
root subsystems. We represent equivalence classes of root subsystems by unique 
labels. These labels allow us to construct examples of weak Del Pezzo surfaces with 
the corresponding singularity configuration. 

Equivalence classes of real structures of weak Del Pezzo surfaces are also repre- 
sented by root subsystems. We present an algorithm which computes the classifica- 
tion of real structures. This leads to an alternative proof of the known classification. 
As an application we classify families of real conies of weak Del Pezzo surfaces of 
degree four. 
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1 Introduction 



1.1 Problems 

A weak Del Pezzo surface is an algebraic surface such that the anticanonical divisor class 
is nef and big. We refer to Dolgachev [2012] for the theory of weak Del Pezzo surfaces. 
Many properties of weak Del Pezzo surfaces are determined by its Picard group and the 
effective minus two classes therein. The minus two classes of a given weak Del Pezzo surface 
form a root system and the effective minus two classes form a root subsystem. These root 
subsystems are well studied, and the classification can for example be found in Du Val 
[1934] and Dolgachev [2012]. In Wall [1987] these root subsystems are used to study real 
Del Pezzo surfaces. Since this subject is studied quite extensively it is not easy to cite all 
the relevant literature, but a nice overview can be found in Dolgachev [2012]. 

In this paper we will address the following two classifications from an algorithmic point of 
view: 

• the classification of root subsystems of weak Del Pezzo surfaces (Du Val [1934], Dol- 
gachev [2012]), and 

• the real structures of weak Del Pezzo surfaces (Wall [1987]). 

More precisely, in this paper we address to the following 2 problems. 

Problem 1. Compute a table which classifies weak Del Pezzo surfaces up to Weyl equiv- 
alence. Provide methods which for each entry in this table enables to do explicit calcu- 
lations in the Picard group of weak Del Pezzo surfaces in the corresponding equivalence 
class. Moreover provide algorithms to compute explicit parametrizations of weak Del Pezzo 
surfaces in a given equivalence class. 

A solution to this problem is provided by Algorithm 11 and §6. In §6 we use methods 
from §5 for constructing linear series. We introduce coordinates in order to do explicit 
computations. Since Del Pezzo surfaces are studied so intensively it is dangerous to claim 
originality for every single aspect of the solution we provide. The main contribution is 
the algorithmic point of view and the application to weak Del Pezzo surfaces in a unified 
manner. Moreover we provide an implementation of the algorithms. 

Problem 2. Compute a table which classifies conjugacy classes of real structures on 
weak Del Pezzo surfaces. Provide explicit coordinate representations for the action of real 
structures on the Picard group. 

A solution to this problem is provided by Theorem 35. The method of classifying the 
real structures does not use the existing classification in Wall [1987] and thus provides an 
alternative proof. In Wall [1987] smooth Del Pezzo surfaces are considered. We consider 
real structures on weak Del Pezzo surfaces (which might have singularities) and do explicit 
computations for given singularities (see Example 36). 
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1.2 Motivation 



The author needs the results of this paper for forthcoming pubhcations concerning famihes 
of curves on surfaces (in particular families of circles). 

We will recall some results which are considered well known to algebraic geometers. As 
a result the paper is rather lengthly; I hope this makes the material easier accessible to 
a larger community. For example Darboux cyclides are the projection of anticanonical 
models of weak degree 4 Del Pezzo surfaces. The solutions to problem 1 and problem 
2 leads to classification of Darboux cyclides up to diffeomorphism. Such surfaces are of 
interest to applied geometers. 

The algorithms for problem 1 in this paper are improvements of the algorithms in the PhD 
thesis: Lubbes [2011]. Since there are more than 200 cases to consider, our experience is 
that mistakes are easily made when computed by hand. I hope that this paper is of service 
to others and saves a lot of time. 

1.3 Overview 

The first part recalls some definitions concerning root systems. We also introduce non- 
standard definitions, namely the complement and double complement of a root system. 
We proof that root subsystems are equivalent if and only if their Dynkin diagram, com- 
plement and double complement are isomorphic. We introduce CI labels, with which we 
will represent equivalence classes of CI root subsystems. We present an algorithm which 
computes the classification of root subsystems of CI root systems in terms of CI labels. 

In the second part we recall some theory concerning weak Del Pezzo surfaces and their 
Picard group. In particular we define the Del Pezzo zero-set, the Del Pezzo one-set and the 
Del Pezzo two-set. The first two sets are also known as the classes of respectively minus two 
curves and minus one curves. The classes in the Del Pezzo two-set, which cannot be written 
as the sum of two effective classes, are the divisor classes of one- dimensional families of 
conies. We say that weak Del Pezzo surfaces are Cremona equivalent if their Picard groups, 
with additional structure, are isomorphic. We can associate a root subsystem to a weak 
Del Pezzo surface; we call this a CI object. We recall that two weak Del Pezzo surfaces 
are Cremona equivalent if and only if their CI objects are isomorphic. 

Next we describe an algorithm which analyses the base points of a plane linear series. We 
also describe an algorithm which constructs a linear series with (possibly infinitely near) 
base points as input. Then we show examples for constructing a parametrization of a weak 
Del Pezzo surface from a CI label. In particular the CI object of the weak Del Pezzo 
surface is isomorphic to the root subsystem represented by the CI label. 

Finally we present an algorithm which outputs conjugacy classes of real structures of weak 
Del Pezzo surfaces. The proof is independent of known classifications. As an application 
we consider families of conies on real weak Del Pezzo surfaces of degree four. 
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1.4 Notation 

Let V be an Euclidean space with bilinear form (■,■). We also assume a total order > on 
V. Let V = for all vinV — {0}. The reflection along a hyperplane which is orthogonal 

to u E V — {0} is defined hj Tu : V ^ V, v v — {ii, v)u. 

Later in §5 we will denote an algebraically closed number field by F. First occuring in §4, 
the map associated to a divisor class D is denoted by 
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2 Root subsystems 



We recall some theory concerning root subsystems, which can be found in for example 
Bourbaki [2002] and de Graaf [2000]. 

2.1 Definitions 

Definition 1. (root (sub)system and the Weyl group) Let R C V — {0} be a finite 
subset. We call R a root system in V if and only ii V = (R), Tr{s) G R, {r,s) G Z, 
and R(r) Ci R = {±r}, for all r, s G i?. We call S G R a root subsystem of root system 
R if and only if is a root system in the Euclidean vector subspace R(S') C V. The Weyl 
group of a root system R is defined as W{R) = { Tr \ r E R ) where multiplication of 
reflections is defined as composition. 

Definition 2. (category of root systems and root subsystems) The category of root 
systems TZ is defined as follows: 

• The objects of TZ are root systems. 

• The morphisms of TZ are {R C V) {R' C V) such that V ^ V is an Euclidean 
isometry and f{R) = R! ■ 

Let IZ be the category of root systems. Let IZ' be the skeleton category of IZ (each object 
in IZ' uniquely represents an isomorphism class of an object in 7Z). The category of root 
subsystems S is defined as follows: 

• The objects of S are pairs (S", R) where R G Oh]IZ' and C i? is a root subsystem. 

• The morphisms of S are {S,R) — )■ {S', R) such that i? — )■ i? is an element of the Weyl 
group acting on R and f{S) = S'. 

Definition 3. (attributes of roots) Let i? be a root system in the Euclidean vector space 
V with total order >. We call r E R positive if and only if r > 0. We call r E R simple if 
and only if r is positive and there don't exists positive roots s,t such that r = s + t. We 
call r E R maximal if and only if r > s or r = s for all s G i?. 

Definition 4. (Cartan matrix and Dynkin diagram) Let i? be a root system in the 
Euclidean vector space V with total order >. Let B = {bi).i(zi be the indexed set of simple 
roots. The Cartan matrix of B is defined as M = {mij)ij^i where rriij = {bi,bj) for all 
i,j G /. The Dynkin diagram D{R) of R is defined as a graph where 

• the vertices are labeled by the simple roots bi, 

• bi and bj are connected by rriijmji lines and 

• an arrow pointing from the larger to the smaller vector if mijrriji > 1. 
for all i,j G /. 

We recall that the set of simple roots of a root system form a basis for a root system. 
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2.2 CI labels 



Definition 5. (CI root system and CI category) We call a root system R a, CI root 
system if and only if D{R) is of either one of the following types Ai, A1 + A2, A4, D5, Eq, 
or Eg. Let S be the category of root subsystems. The CI category Z is defined as the 
largest subcategory of S such that i? is a CI root system for all {S, R) G OhiZ. The name 
CI has some 'historical' reasons with C standing for Cartan. However, I have to admit 
that at this point the naming is bit arbitrary, and now it is too late to change. 

Definition 6. (CI kit) A CI kit is defined as 

(M,(-,-),<,i?) 

where 

• M = Z{H, Qi, . . . , Qr) is a Z-module with basis and an element of M is often given 
by its coefficient vector with respect to this basis, 

. re [2,..., 8], 

• (■, ■) is the bilinear form on M ® R with signature (+, — ), 

z 

• m > m' ii and only if (mo, — ttii, . . . , —rrir) >iex ('^o, —^i, ■ ■ ■ , —m'^) for all m, m' G 

M, and 

• R = { m & M I [m, k) = and (m, m) = —2 } for A; = (—3, 1, . . . , 1). 
Proposition 7. (properties of CI kit) 

Let (M, (-,■), <,i?) be a CI kit. LetV = {veM'S)R \ {v,k) = } where k = 
(-3,1,...,!). 

We have that i? is a CI root system in the vector space V and 



rank of M 


2 


3 


4 


5 


6 


7 


8 


D{R) 


Ai 


A1 + A2 




D5 


Ee 


Er 


Eg 



where D{R) is the Dynkin diagram of R. 

Proof: This is well known: Manin [1986]. lb 

Definition 8. (CI label) The set of CI label elements is defined as G = { ±ab, ±labc,±2ab, 
±30a I a,b,c E [1, . . . ,8]}, A CI label is defined as (L, r) where L G G and r G [1, . . . , 8]. 
Let (M, (-, ■), <, R) be a CI kit. The CI label elements to root function G ^ R is defined 
as follows: 

• (p{ab) = Qa- Qb, 

• (p{labc) = H - Qa - Qb - Qc, 

• ip{2ab) = 2H - Qi^ and 

ie[l,...,S],i({a,b} 
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• ip{30a) = 3H- E Qi- '^Qa, 

ie[l,...,8],ii{a} 

for all a, 6, c G [1, . . . , 8] and (p{—l) = —^{l) for all I e G. We call a CI label geometric if 
and only if the label does not contain minus symbols. 

We will use CI labels (L, r) for representing a basis ( Lp{l) of a root subsystem of a 
CI root system R. In other words we can represent isomorphism classes of root subsystems 
by CI labels. 

2.3 Complement 

The following definition and proposition is non-standard and used for Algorithm 11. 

Definition 9. (complement and double complement of root subsystems) Let R 

be a root system in V. Let C i? be a root subsystem. The complement root subsystem 
is defined as Cji{S) = { r G i? | (r, s) = for all s G 5* }. The double complement root 
subsystem is defined as Kr{S) = { r G i? | r G R(<5') }. 

Proposition 10. (properties of complement and double complement of root sub- 
systems) 

Let Z be the category of CI root subsystems. Let {S, R) and (S", R) in ObjZ such that R 
is irreducible. Let D{S) denote the Dynkin diagram of S. 

We have that {S,R) ^ {S',R) if and only if D{S) ^ D{S'), \Cr{S)\ = \Cr{S')\ and 
\KR{S)\ = \KniS')\. 

Here = are isomorphisms in the category of respectively root subsystems and graphs. 
Proof: 

Claim: We have that 

We have that Cr{S) = Il{S)-^ fl R where R(5') C \^ is an Euclidean vector subspace. 

Similarly we have that Kr{S) = R(S') Hi?. We have an action i? — i? of an element the 

Weyl group such that f{S) = S'. This extends linearly to an Euclidean isometry V ^ V 
such that f'{R) = R. From /' preserving orthogonality it follows that this claim holds. 

Claim: We have that <^=. 

This claim follows from tables 10.1 and 10.2 in Oshima [2006]. These tables contain 
D{Cr{S)) for each root subsystem S of CI root systems. We find that if D{S) = D{S'), 
Cr{S) = Cr{S') then {S,R) = {S',R), for almost all S,S'. Except for the subsystems 
4v4i, + Ai and A3 + 2Ai in Ei we see that there are two Weyl equivalence classes which 
cannot be distinguished this way. For example there exists root subsystems S and S' of root 
system R such that D{R) = E-j, D{S) = D{S') = A5+A1 and D{Cr{S)) = D{Cr{S')) = 0. 
However for these cases we find that Kr{S) Kr{S') and thus this claim holds. 
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3 Algorithm: geometric bases of CI root subsystems 



The following algorithm computes geometric CI labels for CI root subsystems. Later we 
will use the output to construct explicit examples, and to do computations in the Picard 
group of weak Del Pezzo surfaces. The classification of CI root subsystems is well known 
(see section 8.2.3 in Dolgachev [2012]). 

Algorithm 11. (geometric bases of CI root subsystems) 

Output: A list of geometric CI labels (thus without minus symbols). Each geometric CI label 
represents a basis for a unique representative of each isomorphism class in the category of CI 
root subsystems. Recall that isomorphisms of root subsystems are defined by actions of the Weyl 
group. 

• Let G ^ R he the CI label elements to root function. By abuse of notation we will not 
distinguish between a CI label {L,r), and the corresponding root set ( For 
example the bilinear form of CI labels Lj is defined by the bilinear form of ( ip{l) )i^Li- 
Similar for linear independence. For representing roots internally we use the CI kit. 

• Let 

Zq := { 12, 23, 34, 45, 56, 67, 78, 1123, -1145, -1345, -1167, -1178, -278, -218, -308, 218 }, 
Zl := { 1123, 12, 23, 34, 45, 56, 67, 78 }, 

Z2 '■= { 1123, 12, 23, 34, 45, 56, 67, 78, 1145, 1347, 1678, 1127, 1456, 1567, 234, 278, 308 }, 
Z^ := { 1123, 1345, 1165, 1285, 1673, 1274, 1684, 1178 }. 

• We apply the following two steps by looping over r G [2, . . . , 8] and i G [0, . . . , 3]. 

• Let Yi be the set of CI labels (L, r) where L is a subset of Zjn{ ±ab, ±labc, ±2ab, ±30a | a,b,c € 
[r] } such that L is linear independent and {l,m) G {0, 1} for all l,m L. So L defines a 
valid basis for a root subsystem of rank r. 

• Using Proposition 10 we reduce the set Yi such that it only contains non-isomorphic root 
subsystems represented by CI labels {L,r). Sage contains a function which checks isomor- 
phisms of graphs. We check for the following special case: the CI labels ({1123}, 3) and 
({23}, 3) are non-isomorphic root systems of Dynkin type Ai in the reducible (!) root sys- 
tem of type Ai + A2 (although their complement and double complement root subsystems 
are isomorphic). 

• We have that Ujl^ contains isomorphic root subsystems. For a given equivalence class of 
root subsytems in Fq the preferred representative is in Fi . If it does not exists in Fi then 
F2. If it does not exists in F2 then F3. If it does not exists in F^ then Fq. 

• We return the obtained set of CI labels. 

Proposition 12. (geometric bases of CI root subsystems) 

Algorithm 11 is correct. 

Proof: The set Zq is constructed using Dynkin's Algorithm, which recursively adds the 
negative of maximal roots of sub diagrams. This ensures independently of existing clas- 
sifications that all isomorphism classes of root subsystems is reached in Zq. The set Zi 
for z > are contructed such that each equivalence class of root subsystems has a geo- 
metric CI label. The set Zi forms a basis for the root system of Dynkin type E^. If we 
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apply the algorithm using only Zq and Zi then the output contains CI labels which are 
not geometric. We construct sets Z2 and Z3 such that each of these non-geometric CI 
labels is represented by a geometric CI label. The root subsystem 4A2 in Eg requires extra 
attention (see Example 31) and leads to the labels of Z^. From Proposition 10 it follows 
that no two CI labels in in T represent isomorphic root subsystems of an irreducible root 
system. When the rank is 3 then we consider root subsystems of a reducible root system 
Ai + A2. We have to make an explicit check for two non-isomorphic root subsystems of 
Dynkin type Ai. It can be verified by known classifications (see for example Dolgachev 
[2012]) that each isomorphism class of root subsystems is represented by an element of T. 
The author would like to thank Ulrich Derenthal for pointing out the missing Ai case when 
the rank equals 3. Ife 

The output of Algorithm 11 is in Table 37. 

In order to motivate the following sections in relation with the previously described algo- 
rithm we give a flash forward before recalling some definitions of weak Del Pezzo surfaces. 

In §5 we will recall how to create a linear series in the projective plane with a prescribed 
set of base points. A linear series of degree 3 in the projective plane, with for example 
5 generic base points defines a parametrization of the anticanonical model of a weak Del 
Pezzo surface X of degree 4. Now if three base points lie on a line, and the remaining base 
points are generic then this corresponds to an effective minus two class. The Picard group 
of X together with Betti numbers is determined by the set of effective minus two classes. 
If we assign indices to the 5 base points pi, . . ., ps, then the CI label ({1123}, 5) denotes 
that the points pi, p2 and p^ lie on a line and that p4 and p^ are in generic position. In 
Example 30 we will the result for the CI label ({1123, 45}, 5). 

We will define the enhanced Picard group of X to be the Picard group together with 
intersection product, Betti numbers and the anticanonical divisor. We recall that enhanced 
Picard groups of weak Del Pezzo surfaces are isomorphic if and only if the root subsystem 
associated to the effective minus two classes are isomorphic. 

Finally we consider an additional involution on the Picard group, which corresponds to a 
real structure. We will propose an algorithm to find up to ismorphism of real enhanced 
Picard groups an explicit description of the real structures. As an application we classify 
in Example 36 the real families of conies of anticanonical models of real weak Del Pezzo 
surface of degree 4. 

4 Weak Del Pezzo surfaces 

In this section we will recall some theory of Del Pezzo surfaces and its Picard group. 
References for this section are Manin [1986] and Dolgachev [2012]. Details can be found 
in appendix E of Lubbes [2011]. 
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4.1 Definitions 



Definition 13. (weak Del Pezzo surface) Let X be a nonsingular complex projective 
surface. Let K be the canonical class of X. We call X a weak Del Pezzo surface if and only 
if — is nef and big. 

Definition 14. (degree of weak Del Pezzo surface) Let X be a weak Del Pezzo surface. 
Let K be the canonical class of X. The degree of X is defined as K^. 

Definition 15. (standard Del Pezzo and geometrically ruled basis) A standard Del 
Pezzo basis B{r) is defined as a unimodular lattice 

B{r) = Z{H, Qi, Qr), 

with bilinear form = 1, QiQj = —6ij and HQi = 0. A standard geometrically ruled 
basis P{r) is defined as a unimodular lattice 

F(r) = Z(/f, F) 

with bilinear form = 0, FH = 1 and = r. 

Proposition 16. (properties of standard Del Pezzo basis) 

Let X be a weak Del Pezzo surface. Let K be the canonical class of X. Let B{r) = 
Z{ H, Qi, . . . , Qr ) he the standard Del Pezzo basis. Let A{X) be the Picard group of X 
together with intersection product and the element K. 

a) We have that 1 < i^^ < g 

b) If ^ 8 then A{X) = B{9 - K^) with -K = 3H - Qi - . . . - Qr. 
Let P{r) = Z{ H, F ) he the standard geometrically ruled basis. 

c) U = 8 then A(X) = P{r) with -K = 2H - {r - 2)F for r = 0, 1 or 2. 

Proof: See appendix E, section 2 of Lubbes [2011] or Dolgachev [2012]. iib 

4.2 Del Pezzo sets 

We state properties of divisor classes of weak Del Pezzo surfaces. We distinguish between 
three different sets of divisor classes. The Del Pezzo zero-set are the minus two classes 
(which have intersection zero with the anticanonical class). The Del Pezzo one-set are the 
minus one classes (which have intersection one with the anticanonical class). And the Del 
Pezzo two-set are the divisor classes with self-intersection zero and intersection two with 
the anticanonical class. 

We recall that the indecomposable fixed classes of weak Del Pezzo surfaces are either minus 
one or minus two classes. We state some properties concerning the decomposition of divisor 
classes in Del Pezzo sets. 
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We recall that classes in the Del Pezzo two-set are one dimensional rational linear series. 
If this linear series has fixed components then these components must be effective minus 
two classes. The linear series defined by the Del Pezzo two-set define 1 dimensional family 
of conies. 

The classes in the indecomposable Del Pezzo zero-set determine the singularities of the 
anticanonical model of a weak Del Pezzo surface. The indecomposable Del Pezzo one-set 
defines the lines of the anticanonical model. 

Later, when we will introduce real structures on the Picard group, we will see that the 
tuple defined by the number of classes in the Del Pezzo zero-, one- and two-set, which are 
fixed under the real structure, are strong invariants for the real structure. 

Definition 17. (indecomposable class) Let X be a nonsingular complex projective 
variety. We call D G PicX an indecomposable class if and only if D is effective and can not 
be written positive sum of two effective classes. 

Definition 18. (Del Pezzo zero-set) Let X be a weak Del Pezzo surface. Let K be the 
canonical divisor class of X. Let B{r) = Z{ H, Qi, . . . , Qj. ) he the standard Del Pezzo 
basis. Let P(r) = Z{ H, F ) he the standard geometrically ruled basis. The Del Pezzo 
zero-set F(X) is defined as the set of all classes in Pic(X) which, up to permutation of the 
Qi, have coefficients as in the following table: 





H 


Qi 


Q2 


Q3 


Q4 


Qs 


Qe 


Qt 


Qs 


< 7 




1 


-1 














< 6 


1 


-1 


-1 


-1 












< 3 


2 


-1 


-1 


-1 


-1 


-1 


-1 






1 


3 


-2 


-1 


-1 


-1 


-1 


-1 


-1 


-1 



UK^ = 8 and Pic(X) = P(0) then F(X) = {±H - F}. If = 8 and Pic(X) = P(l) then 
F(X) = 0. li = 8 and Pic(X) = P(2) then F(X) = {±H - 2F}. The indecomposable 
Del Pezzo zero-set is defined as 

F>o(X) = { C G F(X) I C is an indecomposable class }. 

Definition 19. (Del Pezzo one-set) Let X be a weak Del Pezzo surface. Let K he the 
canonical divisor class of X. Let B{r) = Z{ H, Qi, . . . , ) be the standard Del Pezzo 
basis. Let P(r) = Z( if, F ) be the standard geometrically ruled basis. The Del Pezzo 
one-set E{X) is defined as the set of all classes in Pic(X) which, up to permutation of the 
Qi, have coefficients as in the following table: 





H 


Ql 


Q2 


Q3 


Qi 


Qs 


Qe 


Qt 


Qs 


< 7 




1 
















< 7 


1 


-1 


-1 














< 4 


2 


-1 


-1 


-1 


-1 


-1 








< 2 


3 


-2 


-1 


-1 


-1 


-1 


-1 


-1 




1 


4 


-2 


-2 


-2 


-1 


-1 


-1 


-1 


-1 


1 


5 


-2 


-2 


-2 


-2 


-2 


-2 


-1 


-1 


1 


6 


-3 


-2 


-2 


-2 


-2 


-2 


-2 


-2 
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U = 8 and Pic(X) = P(0) then F(X) =0. li = 8 and Pic(X) = P(l) then 
F(X) = {H - F}. li K'^ = 8 and Pic(X) = P(2) then F(X) = 0. The mdecomposable Del 
Pezzo one- set is defined as 

i?>o(X) = { C E E(X) I C is an indecomposable class }. 

Definition 20. (Del Pezzo two-set) Let X be a weak Del Pezzo surface. Let K be the 
canonical divisor class of X. Let B{r) = Z{ H, Qi, . . . , Qr ) he the standard Del Pezzo 
basis. Let P{r) = Z{ H, F ) he the standard geometrically ruled basis. The Del Pezzo 
two-set G(X) is defined as the set of classes in Pic(X) which, up to permutation of the Qi, 
have coefficients as in the following table: 





H 


Qi 


Q2 


Q3 


Q4 


Qs 


Qe 






< 7 


1 


-1 
















< 5 


2 


-1 


-1 


-1 


-1 










< 3 


3 


-2 


-1 


-1 


-1 


-1 


-1 






< 2 


4 


-2 


-2 


-2 


-1 


-1 


-1 


-1 




< 2 


5 


-2 


-2 


-2 


-2 


-2 


-2 


-1 




1 


4 


-3 


-1 


-1 


-1 


-1 


-1 


-1 


-1 


1 


5 


-3 


-2 


-2 


-2 


-1 


-1 


-1 


-1 


1 


6 


-3 


-3 


-2 


-2 


-2 


-2 


-1 


-1 


1 


7 


-3 


-3 


-3 


-3 


-2 


-2 


-2 


-1 


1 


7 


-4 


-3 


-2 


-2 


-2 


-2 


-2 


-2 


1 


8 


-3 


-3 


-3 


-3 


-3 


-3 


-3 


-1 


1 


8 


-4 


-3 


-3 


-3 


-3 


-2 


-2 


-2 


1 


9 


-4 


-4 


-3 


-3 


-3 


-3 


-3 


-2 


1 


10 


-4 


-4 


-4 


-4 


-3 


-3 


-3 


-3 


1 


11 


-4 


-4 


-4 


-4 


-4 


-4 


-4 


-3 



If ^2 = 8 and Pic(X) = F(0) then F(X) = {H}. li = 8 and Pic(X) = P(l) then 
F(X) = {F}. \l K"^ = 8 and Pic(X) = F(2) then F(X) = - F}. The irreducible Del 
Pezzo two-set is defined as 

Gjrr(X) = { C G G{X) I the linear series \C\ has no fixed components }. 

Proposition 21. (properties of Del Pezzo sets and intersection product) Let X be 

a weak Del Pezzo surface. Let K he the canonical divisor class of X. Let -F(X) be the Del 
Pezzo zero-set. Let -E'(X) be the Del Pezzo one-set. Let G'(X) be the Del Pezzo two-set. 

a) We have that 

• F(X) = { C G Pic(X) I -KC = and = -2 }, 

• E{X) = {C E Pic(X) I - KC=1 and = -1 }, and 

• G(X) = { C G Pic(X) I - = 2 and C2 = }. 

b) We have that F>o = { C G Pic(X) | C G E{X) such that CF>0 for all F G F>o(X) }. 

c) We have that = { C G Pic(X) | C G G{X) such that CF>0 for all F G F>o(X) }. 

Proof: For a) see appendix E, section 3, proposition 223 of Lubbes [2011]. For b) see sec- 
tion 8.2.6, Lemma 8.2.18 in Dolgachev [2012]. For c) see appendix E, section 3, proposition 
226 of Lubbes [2011]. * 
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4.3 Cremona equivalence 



The anticanonical model Y of a weak Del Pezzo surface X is defined as X ^ Y C P" where 
D = —rriK for some positive integer m such that (pr, is birational. 

The indecomposable Del Pezzo zero-set F>o(X) determines the singularities of Y. Moreover, 
we recall that the effective minus two classes in F>o(X) determine the Picard group together 
with intersection product, distinguished anticanonical class and Betti numbers. 

The Del Pezzo zero-set F(X.) defines a CI root system R in the vector space PicX (8> R- 
We have that F>o(X) defines a root subsystem of R. So we can associate a root subsystem 
to a weak Del Pezzo surface. 

We consider two weak Del Pezzo surfaces to be Cremona equivalent if and only if their 
associated root subsystems are isomorphic. 

See appendix E, section 4 in Lubbes [2011] or 8.2.8, proposition 24 in Dolgachev [2012]. 

Definition 22. (enhanced Picard group) Let X a weak Del Pezzo surface. Let K be 
the canonical divisor class on X. The enhanced Picard group A(X.) is defined as 

( Pic(X), K, h) 

where Pic(X) is the Picard group, Pic(X) x Pic(X) — > Z is the intersection product on 

divisor classes, and Z x Pic(X) A Z>o assigns the z-th Betti number to a divisor class for 
i G Z. For h{i,D) we use the notation W{D). 

Definition 23. (Cremona equivalence of weak Del Pezzo surfaces) Let X and X' 

be weak Del Pezzo surfaces. Let A(X) be the enhanced Picard group. The Cremona 
equivalence relation of weak Del Pezzo surfaces is defined as follows: 

X~^X' :^ A(X) = A(X'). 

Definition 24. (CI object of weak Del Pezzo surface) Let F(X) be the Del Pezzo 
zero-set. Let Z be the CI category. The CI object of X is defined as 

W{X) ■= {S,R) e ObjZ 

where R is the root system defined by FQi), and S is the root subsystem of R defined by 
F>o(X). See Proposition 7. 

Proposition 25. (properties of Cremona equivalence of weak Del Pezzo surfaces) 

Let X and X' be weak Del Pezzo surfaces. Let A(X) be the enhanced Picard group. Let 
W{X) be the CI object. 

a) We have that ^(X) = .4(X') if and only if W{X) = W{X'). 

Proof: See appendix E, section 4 in Lubbes [2011], or 8.2.8, proposition 24 in Dolgachev 
[2012]. ^ 
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5 Algorithm: analyzing and constructing linear series 



We recall the analysis of base points of linear series. 

Let (/i,...,/n) be a linear series such that fi G F[x,y,z] are homogeneous. Let F : 
F{x,y,z) = Yl Cifi{x,y,z) for q G F for all i G [n]. Let F A F be the blowup at the 

ie[n] 

origin jo = (0 : : 1) 

We consider a diagram of charts of the blowup TT in p2 X ^ p2 with coordinates 
{x : y : z) X (s : t): 

where 

. [/, = {(f,|) I F(f,f,l) = Oandz^O}, 

• t/.* = {(f,f)x(f) I f = ff andF(f,f,l) = 0}cA2x A\ 

. t/^i = {(f,f) I F(ff,f,l) = 0}cA^and 

.^:uu->u.u (f,!)^(f!'f)x(f)- 

We have that if is an isomorphism and 

ip0 7l\U;,t ■ U'zt^ U;,, {U,V) {UV,V). 

We have that Uzt is a chart of the puUback 7r*F = F + rriE where in this chart we have 
that E : V = 0. From ip being an isomorphism it follows that U'^^ : F{uv,v, 1) = C 
has a factor v"^ such that m = multpF is the multiplicity of F at p = (0 : : 1). 

We consider v~"^F{uv,v, 1) = as our new chart of linear series. We translate the base 
point we want to analyze to the origin. This will be our new Uz, and we can repeat the 
procedure. 

This leads to an algorithm which analyses simple and infinitely near base points. We have 
to keep in mind that charts may overlap. For example we first analyze the chart Uz C F. 
Then if a base point q in the chart Uy has non-zero coordinate | then g G Uz Ci Uy. and 

thus we already analyzed the base point in Uz- Similarly for the charts Uzt and Uzs- See 
chapter 8 in Lubbes [2011] for the algorithms in pseudo code. 

Example 26. (base point analysis of linear series) We use the same notation as 
above. Let F : F{x, y, z) = Co{y'^ — 2yz + z^) + Cixz + C2xy + CsX^ = C P^ be a linear 
series with (cq : . . . : C3) G P'^. 

We find that Uz : Co(i'^ — 2t; + 1) + Ciu + C2UV + c^v? = with u = - and v = - has a base 
point (0, 1). 

We translate (0, 1) to the origin such that Uz : cqv'^ + ciu + C2u{y + 1) + Czu^ = and 
F{u,v,l) := F{u,v + 1,1). 
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We have that F{uv, v, 1) = CqV^ + Ciuv + C2uv{v + 1) + c^.u^v'^ = v^CqV + Ciu + C2u{v + 1) + 
It follows that the base point (0, 1) has multiplicity 1. 

We continue with Uzt '■ cqv + ciu + C2u{v + 1) + c^^u^v = and find base point (0, 0). 
We repeat the procedure as above and find that this base point has also multiplicity 1. 
There are no other base points. 

In order to construct a linear series with a prescribed set of base points, we consider the 
procedure as above. We want to construct a linear series A such that the procedure for 
analyzing base points of A returns the required result. See chapter 8, section 2 in Lubbes 
[2011] for the algorithm in pseudo code. 

Example 27. (linear series with prescribed base points) 

We want to create a linear series of degree 2 with base point (0:1:1) and an infinitely 
near base point at (0,0) with respect to the chart Uzt as defined above. We want both 
base points to have multiplicity 1. 

We start with the linear series (2^, yz, y"^, xz, xy, x^). 

We consider the linear series {l,y,y'^,x,xy,x'^) for the chart Uz- 

We move the origin to (0, 1) and obtain {go, . . . , (75) := (1, ?/ + 1, + 2?/ + 1, x, + x, x^). 
We consider the list 

Lo ■■= { ioJo^go, • • • , fe^fi's) I a + 6 < m - 1 and a,6 G Z>o } = {(5-0, • • -,95)} where 
m = 1 is the multiplicity. 

We set {ho, := {goixy, y)\y, . . . , g^ixy, y)\y) = {0,l,y + 2, x, xy + x, x'^y) where \y 

denotes the polynomial quotient with y"^ such that m = 1 is the multiplicity. Note that 
this ensures in Example 26 that the exceptional component E is contained with the right 
multiplicity. 

As above we consider the list for the infinitely base point (0,0) with multiplicity n = 1: 
Li ■■= { {g^^ho, gJo^h) I a + b < n - 1 and a,b e Z>o } = {{ho, • • • , h)}- 

The list Lo U Li defines a matrix of polynomials with rows {gi)i and {hi)i. If we evaluate 
the polynomials at (0,0) we obtain the following matrix: 

yi^ ._ n 1 1 01 
-"^ • — [0 1 2 oj 

The matrix M expresses the linear conditions on the coefficients of F{x, y, z) = coz^ + 
c^yz + C2y^ + C3XZ + C4xy + CsX^ = C such that it has a base point at (0 : 1 : 1) and 
an infinitely near base point as defined before. 

The kernel of M is 

"1-21000" 

0100 

0010 

0001 
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which corresponds to the hnear series (y^ — 2yz + 2;^, xz^ xy, x^). Note that this is indeed 
the hnear series which we analyzed in Example 26. 

The methods from Example 26 and Example 27 lead to the following algorithms. We have 
that 'Uz' corresponds to the chart f4 as in the notation above. The chart 'Ct' corresponds 
to the chart Uzt- 

Algorithm 28. (base point analysis of linear series in the projective plane) 

• function: GetBasePoints( G ) 

input: A list G = {gi)i such that gi € F[x, y, z] and gcd( G ) = 1. 

output: Infinitely near base points of linear series A = {gi, . . . ,gn) in the projective plane. 

Lz :=GetBasePointsAffine( {gi{x,y,l))i, 0, 'Uz' ) 

Ly :=GetBasePointsAffine( {gi{x,l, z))i, 0, 'Uy' ) 

Lx :=GetBasePointsAffine( {gi{l,y, z))i, 0, 'Ux' ) 

return [ L^, Ly, L^] 

end function 

• function: GetBasePointsAffine( G, depth, chart ) 

input: A list G = {gi)i such that gi € F[n, f], gcd( G ) = 1, depth G Z>o and chart S { 
'Ux', 'Uy', 'Uz', 'Cs', 'Ct' }. 

output: Infinitely near base points of linear series A = {gi, . . . ,gn) in the afhne plane. 

% We denote appending elements of an ordered list to another ordered list by l±) 
if chart == 'Ct' then 

S :=ZeroSet( gi,..., gn, v) 
else if chart == 'Cs' then 

S :=ZeroSet( 51, ... , gn, u) 
else 

S :=ZeroSet( 51, ... , gn) 
end if 

if S == then return [ chart, depth, 0, 0, {gi)i, 0, ] 
L:= [] 

for sol € S" do 

if ChartOverlap( sol, chart ) then 

L := L^tl [[ chart, depth, sol, -1, {gi)i, 0, 0]] 
else 

(.ai)i ■= iOii u - solu, V - soly ))i 
mul := deg( gcd( {g[{ uv, v ))i ) 

Lt :=GetBasePointsAffine( {g'^i uv, v depth + 1, 'Ct' ) 

Ls :=GetBasePointsAffine( {g'-{ u, vu depth + I, 'Cs' ) 

L := L l±) [[ chart, depth, sol, mul, {gi)i, Lt, Lg ]] 
end if 
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end for 
return L 
end function 

• function: ChartOverlap( sol, chart ) 

input: a solution sol = (a, b) and current chart which is either Uz, Uy, Uz, Ct or Cs. 
output: True when solution is in one of previous charts, and false otherwise. 

if chart == 'Ux' then 

return False 
else if chart == 'Uy' then 

return a ^ 
else if chart == 'Uz' then 

return a 7^ or 6 ^ 
else if chart == 'Ct' then 

return False 
else if chart == 'Cs' then 

return 6 7^ 
end if 

end function 

The algorithm below describes the method used in Example 27 in pseudo code. The 2nd 
input variable of this algorithm is of type BPTREE as defined below. In Example 27 we 
have that degree = 2 and [B,, By, B^] = [[(0, 1), 1, [(0, 0), 1], 0], 0, 0]. 

Algorithm 29. (create linear series in the projective plane with given base 
points) 

• function: GetLinear Series ( degree, [Bz, By, B^] ) 

input: We need degree in Z>o. The lists B^, By and Bx are finite lists of infinitely near base 
points such that respectively z = l,y = 1 and x = 1 and of type BPTREE. The recursive 
type BPTREE is defined as follows: BPTREE = [[ sol, mult, BPTREE, BPTREE], ...] 
or BPTREE = with sol G and mult G Z>o. 

output: A linear series P(F(go, • • • , 5n)) of given degree and with base points defined by 
B (if such linear series exists). 

% We denote appending elements of an ordered list to another ordered list by l±) 
{gi)i '■= ( x°'y^z'^ I a + b + c = degree and a,b,c ^ Z>o ) 

L :=GetLinearSeriesList( B^, [{gi{x,y,l))i] ) 
L :=GetLinearSeriesList( By, L tt) [{gi{x,l, z))i] ) 
{fij)ij :=GetLinearSeriesList( B^, L l±l [{gi{l,y, z))i] ) 

{kij)ij :=Kernel( ( fij{0,0) )ij ) 
return ( Y^^ijgi )j 

i 

end function 
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• function: GetLinearSeriesList( B, L ) 

input: A recursive defined finite list B of type BPTREE and a list of linear series 
L = {gij)ij with Qij G F[n,f]. 

output: A list {fij)ij of linear series, such that ( fij (0,0) )ij is a matrix representing the 
linear conditions on the base points. 

igi)i :=GetAndRemoveLastElementOfList( L ) 
for [ sol, mult, Bf, Bg] € B do 
ifi)i ■= i gi{u- solu, V - sok ) )i 

L := L\S[ {QjQ^fi)i I a + b < mult -1 and a,b£Z>o] 

{0'i)i = (PolynomialQuotient( hi{uv,v), ti"™'* ))j 
L :=GetLinearSeriesList( Bt, L l±l [ (aj)i ] )) 

{bi)i = (PolynomialQuotient( hi{u,vu), -u™""'* ))j 

L :=GetLinearSeriesList( Bg, L tt) [ ] ) 
end for 
return L 
end function 



6 Examples of constructing weak Del Pezzo surfaces 

For a given geometric CI label (L, r) in Table 37 we want to construct examples of a weak 
Del Pezzo surface X in the corresponding Cremona equivalence class. See chapter 7, section 
4, remark 98 and remark 99 in Lubbes [2011] for an alternative method for constructing 
weak Del Pezzo surfaces of degree one and two. 

Let G A i? be the CI label elements to root function. We choose a set of points 
in the projective plane which are generic except: 

• is infinitely near to pi^ if and only if / e L such that ip{l) = Qi^ — Qi^, 

• pj^ lie on a line if and only if / e L such that ip{l) = H — Qj-^ — Qj^ — Qj^, 

• pkt lie on a conic if and only if / G L such that = 2H — Qk^ — Qk^ — Qk-^ — Qk^ — 
Qk5 — Qke ! or 

• pi^ lie on a cubic with a double point at if and only if / G L such that ip{l) = 
3H — 2Qi^ — Qi^ — Qi^ — Qi^ — Qi,^ — Qi^ — Qi^ — Qi^, 

for it,jt,kt,lt G [8]. Note that for this construction we require that the CI label {L,r) is 
geometric. 

As in Example 27 we construct a linear series of degree 3 polynomials with base locus 

iPi)i£[r]- Let --->■ Y be the associated map of the linear series. We define X A 
to be the blowup of the projective plane at the base locus of the linear series. We define 
D G PicX to be the pullback of the hyperplane sections along g. We have that Y = v9d(X) 
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with D = —K being the anticanonical divisor class of X. 

X 

p2 _U Y 

We have that X is a weak Del Pezzo surface of degree 9 — r and D = 3H — Qi — ... — Qr- 

Example 30. (degree four Del Pezzo with two ordinary double points) Let 

(L,r) = ({ 1123, 45 },5) with Dynkin type 2Ai in Table 37 at row index 19. 

We choose pi = (0 : : 1), p2 = (1 : : 1) and = (2 : : 1), such that they lie on the 
line y = 0. 

We choose with some random coordinates, say p4 = (5 : 7 : 1). And finally we take 
infinitely near to p^ with coordinates (0,0) in the chart U'^^ (see previous section). 

Similarly as in Example 27 we construct a linear series of degree 3: Q(^x^y — -^xy'^ + 
yz'^, ^x^y - Ixy'^ + y'^z, §x'^y - ^xy'^ + y^ - ^x'^y - \x^z + Ifxy^ + xz^ , -\xy^ + xyz). 

This linear series defines a parametrization --->Yofa weak degree 4 Del Pezzo surface 
with lAx singularities such that Y = (/j£)(X). Let -F(X) be the Del Pezzo zero-set. Let 
G A be the CI label elements to root function (we use G instead of G since otherwise 
there is an overlap in notation). 

We have that F>o(X) = (9?(/));gi = — Q\ — Qi — Qa, Qa^ — Q^ } is the indecomposable 
Del Pezzo zero-set. Let G(X) be the Del Pezzo two-set. 

For example 2H — Qi — Q2 — Qz ^ Qi in G'(X) and H — Qi — Q2 — Q3 in F>o(X) have 
intersection product —1. 

The classes in G(X) which are positive to all classes in F>o(X) is defined by Gjrr(X) = { 
H — Qi, H — Q2, H — Qs, H — Q4^, 2H — Qi — Q2 — Qi — Q5, 2if — Qi — Q3 — — Q5, 
2H — Q2 — Q3 — Qa — Q5 }■ From Proposition 21 it follows that these classes define linear 
series without fixed components. 

The classes in GirrQ^) define the families of conies. So we know that the degree 4 weak 
Del Pezzo surface Y which we parametrize has 7 families of conies. Similarly we have that 
the classes in E>q{X) defines the lines of Y, and F>o(X) the isolated singularities. 

From Proposition 25 it follows that the geometry determined by the divisor classes is 
determined up to Cremona equivalence. 

Example 31. (degree one Del Pezzo with four cusps) Let {L,r) = ({ 1123, 1345, 
1156, 1258, 1367, 1247, 1468, 1178 },5) with Dynkin type AA2 in Table 37 at row index 
163. 

Suppose we want to plant n trees so that there are 3 trees in each row. The Orchards 
planting problem is to find a configuration of trees such that the number of rows is maximal. 
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For n = 9 the solution of this problem is called the Pappus configuration, which is depicted 
in the image below. We find that there are 10 rows, where a row is represented by a line. 



1 2 3 





<JX7 


OOl 


e 


4 



The labeled points represent 8 base points in the plane. For example the CI label element 
1123 denotes that a line goes through the base points labeled 1,2 and 3. A pair of two 
lines which do not intersect in the base points form a A2 singularity (for example 1123 and 
1468). We find three pairs of lines in the Pappus configuration. The fourth pair, 1178 and 
1345, are no real lines. It is not possible to choose all points real. 

It is well known (see for example Griffiths and Harris [1978], chapter 2, section 4, page 
281) that a line through two fiexes of a smooth cubic curve passes through a third one. So 
we can choose the base points on eight of the nine fiexes of a cubic plane curve. 

The author would like to thank Josef Schicho for pointing out the Pappus configuration. 

7 Algorithm: real structures of weak Del Pezzo sur- 
faces 

In this section we present an algorithm for classifying the real structures of weak Del Pezzo 
surfaces up to conjugacy. The classification of real structures of Del Pezzo surfaces is well 
known and can be found in Wall [1987]. See also Manin [1966] and Silhol [1989]. 

The correctness of our algorithm is based on the fact that the conjugacy classes of real 
structures are uniquely determined by the Weyl equivalence classes of root subsystems. 
We can use the classification of CI root subsystems. 

As an application we consider conic families on real weak Del Pezzo surfaces of degree 4 
in Example 36. 

Definition 32. (real structure for weak Del Pezzo surfaces) Let Gal{C\IV) = {a) 
be the Galois group. We define a real weak Del Pezzo surface to be a pair (X, a) where X 
is a complex weak Del Pezzo surface, and cr(X) = X. Let A(X) = ( Pic(X), X, -, h) he 
the enhanced Picard group. We define a real structure of (X, a) to be the automorphism 
of the enhanced Picard group induced by a. By abuse of notation we will denote the real 
structure also by a. We have that a{—K) = —K where —K is the anticanonical divisor 
class of X. 
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Algorithm 33. (real structures of weak Del Pezzo surfaces) 

% With square brackets we denote ordered and indexed lists. We denote appending elements 
of an ordered list to another ordered list by l±l. We represent a CI label {L,r) as a set of 
column vectors of length r+1 with respect to the standard Del Pezzo basis. We will represent 
the equivalence class of a real structure by a matrix acting on column vectors. We represent 
CI labels also by using the CI label elements to root function, defined in Definition 8. Thus 
for example 1123 represents the column vector (1, —1, —1, —1, 0, . . . , 0). 

• function: getDPRealStructures() 

output: Returns a list of unique representatives of equivalence classes of all real structures 
for weak Del Pezzo surfaces. The list consists of entries (L, M) where M is a matrix 
representing a real structure with respect to the standard Del Pezzo basis and L is a CI 
label, which represents the corresponding root subsystem. 

CI :=getGeometricClRootSubsystemsClassification() (see Algorithm 11) 

T=[] 

for {L,rank) € CI do 

if L C {1123, 12, 23, 34, 45, 56, 67, 78} then 
V :=extendToBasis(L) 

D :=getRealEigenValueMatrix( rank(y), length(L) ) 

M ■.= v -D- y-i 

if isIntegralMatrix(M) then 

Ta[ (L,M) ] 
end if 
end if 
end for 
return T 
end function 

• function: getRealEigenValueMatrix(ranfc, n) 
input: Integers rank and n. 

output: A square diagonal matrix of given rank where the first n diagonal entries are —1, 
and 1 otherwise, 
end function 

• function: extendToBasis(L) 

input: A matrix L, with linear independent column vectors corresponding to a CI label 
of types { 1123, 12, 23, 34, 45, 56, 67, 78 }. 

output: A matrix forming a basis consisting of the column vectors L appended by column 
vectors which are orthogonal to L with respect to intersection product as in Definition 6. 



23 



A :=sortColumnsLexicographic(L) 

hasll23 := 

if Aofi == 1 then 

removeFirstColumnFrom(A) 

haslUS := 1 
end if 
E:=W 

for zeroRow G zeroRowVectorsOf(A) do 
if 'mdexOi(zeroRowy.=hasll23 — 1 then 

V :=canonicalBasisColumn Vector ( mdexOf{zeroRow) ) 
vq := —/las 1123- intersectionProduct('y, 1123) 
E := ElS 
end if 
end for 

while not isSquareMatrix(L U E) do 

C := [ getAndRemoveFirstColumnFrom(A) ] 

while not isOrthogonal( lastColumnOf(C), firstColumnOf(^) 

C := C 1+) [ getAndRemoveFirstColumnFrom(^) ] 
end while 

a :=firstNonZeroRowIndex( firstElementOf(C) ) 
b :=lastNonZeroRowIndex( lastElementOf(C) ) 
V :=zeroColumnVector() 
Va ■■= 1; Va+i := 1; . . . ; ffe := 1 
Vq := — /iasll23-intersectionProduct(i', 1123) 
E := E^ [v] 
end while 

return matrix(L U E) 
end function 



do 



Example 34. (real structures of weak Del Pezzo surfaces) Let {L,r) = ({ 1123, 
12, 23, 45 },5) be a CI label of type A2 + 2Ai (index 26 in Table 37). We trace the 
getDPRealStructures() function in Algorithm 33 line by line for this CI label. 

Using vector notation with the standard Del Pezzo basis as in Definition 6 we represent L 
as [(1,-1, -1,-1,0,0), (0,1, -1,0, 0,0), (0,0, 1,-1,0,0), (0,0,0, 0,1,-1)]. 

We have that L C {1123, 12, 23, 34, 45, 56, 67, 78}. 

We have that 



V 



-1 
-1 
-1 









-1 





M 





L 



We find that M is not an integral matrix and thus not a valid real structure. 
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Theorem 35. (real structures of weak Del Pezzo surfaces) 

a) Algorithm 33 is correct. 
Proof: 

Claim 1: We have that the extendToBasis(L) function is correct. 
Left to the reader. 

Let (X, cr) be a real weak Del Pezzo surface. Let A(X) = ( Pic(X), K, h ) be 
the enhanced Picard group of X. Let {M ,{■,■),<, R) be a CI kit such that A(X.) = 
(M, (—3, !,...,!), (-, ■)). Let D, M and V be the matrices as in Algorithm 33. 

Claim 2: We have that a). 

A real structure of a weak Del Pezzo surface induces an involution a on W such that 
W = W+®W~ where W+ = {w eW \ (t{w) =w} and W~ = {w eW \ a{w) = -w }. 
From a{K) = K and CK = a{C)a{K) = -CK for C e it follows that W' is 
orthogonal to K. From Proposition 7 it follows that W~ is generated by a subset of a 
basis for the root system R. It follows that W~ is generated by a basis of a root subsystem 
of R such that the basis is a subset of {1123,12,23,34,45,56,67,78}. Up to conjugacy 
we only have to consider the root subsystems of the CI classification. The eigenvectors of 
the eigenvalue —1 are determined by a CI label. The hyperplanes orthogonal to the roots 
in W~ are point wise fixed. The eigenvectors of the eigenvalue 1 are linear independent 
vectors which are orthogonal to eigenspace of —1. It follows that MV = VD and thus 
M = VDV~^. Since M should induce a Z-module automorphism we need that the matrix 
M is integral. Ife 

The output of Algorithm 33 is in Table 38. Note that we observe from Table 38 that 
{rank, /O, /I) is a strong invariant for the real structure. As an application of the classi- 
fication of real structures in explicit coordinates we consider weak Del Pezzo surfaces of 
degree 4. 

Example 36. (real structures of weak Del Pezzo surface of degree four) Let (X, a) 

be a real weak Del Pezzo surface of degree 4. Let C be the set of CI labels of root subsystems 
of (indices 16, . . . , 31 in Table 37). Let R be the set of conjugacy classes of real structures 
of X (indices 10, . . . , 15 in Table 38). Let B be the set of subsets of the positive roots in the 
Del Pezzo zero-set of X. Let B{c) = {h E B \ isomorphicBases(c, h) == True } for c G C 
(see Algorithm 11). Let B{c,r) = { 6 G B{c) \ r{b) = 6 } for r G i? (note that we need 
that the basis of a root subsystem is compatible with the real structure). Let G{c, r, b) be 
the set of classes in the irreducible Del Pezzo two-set which are fixed by the real structure 
r G -R and where the real irreducible Del Pezzo zero-set is & G B{c, r) The following table 
denotes the possible cardinalities of G{c, r, b) by fixing a representative r for a conjugacy 
class of a real structure in R, and considering all bases in b G B{c) of the same Dynkin 
type as c. The 'index' column denotes the index of c in Table 37 and the 'type' column, the 
Dynkin type of c. The 'index' row denote the index i for the real structure t in Table 38 
and the 'type' row, the Dynkin type of t. 
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index 




10 


11 


12 


13 


14 


15 




type 


AO 


Al 


2A1 


2A1 


3A1 


154 


16 


AO 


10 


6 


2 


6 


2 


2 


17 


Al 


8 


4, 6 


2 


4 


2 




18 


2A1 


6 


4 


2 








19 


2A1 


7 


3 




3, 5 


1 


1 


20 


A2 


6 


2 




2 


2 




21 


3A1 


5 


3 




3 


1 




22 


A2 + Al 


4 


2 










23 


A3 


4 




2 








24 


A3 


5 


1 




1, 3 






25 


4A1 


4 




2 


2, 4 






26 


A2 + 2A1 


3 








1 




27 


A3 + Al 


3 


1 










28 


A4 


2 












29 


D4 


3 






1 






30 


A3 + 2A1 


2 






2 






31 


D5 


1 













The geometric interpretation is that each element of G{c,r,b) is the class of a one di- 
mensional family of conies on X. For example a real torus in three space has 4 complex 
Al singularities and 4 families of circles. The singularities and the real structure of the 
torus are defined by entry {row, column) = (25, 10) in the above table. We see from 
the table that the number of families of conies on X is not uniquely defined by only the 
conjugacy classes of c and t. For example if {row, column) = (17,11) then there exists 
b = [12], b' = [1123] G B{c) such that i^G{c,r,b) = 4 and j^G{c,r,b') = 6. We have that 
r : (ao, Oi, "2, as, "4, 05) = aoH + '^a.iQi {oq, ai, 0^2, 03, "s, "4), G{c, r,b) = { H - Qi, 

H - Qa, 2H -Qi-Q^-Q^- Q^, 2H - Qi - - - Q, } and G{c, r,b') = {H-Qi, 
H — Q2, H — Q3, 2H — Q1 — Q2 — Q4 — Q5, 2H — Qi — Qi — Qi — Qbi — Q2 — Q3 — Q4 — Q5 
}. The obvious algorithm computing the above table does not terminate in reasonable time 
for degree one and degree two weak Del Pezzo surfaces, since B is too large. The roots in 
the eigenspace of —1 cannot be effective. It follows that we only have to consider bases 
b E B which are disjoint to the eigenspace of —1. 
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A Table of geometric CI labels 



Table 37. (geometric bases of CI root subsystems up to Weyl equivalence) 

• the 'index' column assigns an index to each row for future reference, 

• the 'rank' column defines the rank r of the CI root system, 

• the 'basis' column denotes the basis L such that (L, r) is a geometric CI label, 

• the 'type' column denotes the Dynkin type of the CI label {L,r). 



index 


rank 


basis 


type 




2 


[] 


AO 


2 


2 


[12] 


Al 


3 


3 


[] 


AO 


4 


3 


[23] 


Al 


5 


3 


[1123J 


Al 


6 


3 


[1123, 23J 


2A1 


7 


3 


[12, 23] 


A2 


8 


3 


[1123, 12, 23] 


A2 + Al 


9 


4 


[] 


AO 


10 


4 


[34] 


Al 


11 


4 




12, 34 




2A1 


12 


4 




23, 34 




A2 


13 


4 


[1123, 12, 34] 


A2 + Al 


14 


4 


[12, 23, 34] 


A3 


15 


4 


[1123, 12, 23, 34] 


A4, 


16 


5 


[] 


AO 


17 




[45] 


Al 


18 


5 


[23,45] 


2A1 


19 


5 


[1123, 45] 


2A1 


20 


5 


[34,45] 


A2 


21 


5 


[1123, 23, 45] 


3A1 


22 


5 




12, 34, 45 




A2 + Al 


23 


5 




23, 34, 45 




A3 


24 


5 


[1123, 34,45] 


A3 


25 


5 


[1145, 1123, 23, 45] 


4A1 


26 


5 


[1123, 12, 23, 45J 


A2 + 2A1 


27 


5 


[1123, 12, 34, 45J 


A3 + Al 


28 


5 


[12, 23, 34, 45J 


A4 


29 


5 


[1123, 23, 34, 45] 


D4 


30 


5 


[1145, 1123, 12, 23, 45] 


A3 + 2A1 


31 


5 


[1123, 12, 23, 34, 45] 


Do 


32 


6 


[] 


AO 


33 


6 


[56] 


Al 


34 


6 




34, 56 




2A1 


35 


6 




45, 56 




A2 


36 


6 




12, 34, 56 




3A1 


37 


6 




23, 45, 56 




A2 + Al 


38 


6 


[34, 45, 56] 


A3 


39 


6 


[1145, 1123, 23, 45] 


4A1 


40 


6 


[1123, 23, 45, 56J 


A2 + 2A1 


41 


6 


[12,23,45,56] 


2A2 


42 


6 




12, 34, 45, 56 




A3 + Al 


43 


6 




23,34,45,56 




A4 


44 


6 


[1123, 23, 34, 45] 


D4 


45 


6 


[1123, 12, 23, 45, 56] 


2A2 + Al 


46 


6 


[1145, 1123, 23, 45, 56] 


A3 + 2A1 


47 


6 


[1123, 12, 34, 45, 56] 


A4 + Al 


48 


6 


[12, 23, 34, 45, 56] 


A 5 


49 


6 


[1123,23,34,45,56] 


D5 


50 


6 




1456, 1123, 12, 23, 45, 56 




3A2 


51 


6 




1145, 1123, 12, 23, 45, 56 




A5 + Al 


52 


6 


[1123, 12, 23, 34, 45, 56] 


E6 


53 


7 


[] 


AO 


54 


7 


[67] 


Al 


55 


7 


[45, 67] 


2A1 


56 


7 


[56, 67] 


A2 


57 


7 


[23, 45, 67] 


3A1 


58 


7 


[1123, 45, 67] 


3A1 


59 


7 




34, 56, 67 




A2 + Al 


60 


7 




45, 56, 67 




A3 


61 


7 


[1123, 23, 45, 67] 


4A1 


62 


7 


[1145, 1123, 23, 45] 


4A1 



27 



63 


7 


[12, 34, 56, 67J 


A2 + 2A1 


64 


7 


[23, 34, 56, 67J 


2A2 


65 


7 


[23,45,56,671 


A3 + Al 


66 


7 


[1123,45,56,67] 


A3 + Al 


67 


7 


[34,45,56,67] 


A4 


68 


7 


[1123, 23, 34, 45J 


D4 


69 


7 


[1145, 1123, 23, 45, 67] 


5A1 


70 


7 




1123, 12, 23, 45, 67 




A2 + 3A1 


71 


7 




1123, 12, 34, 56, 67 




2A2 + Al 


72 


7 


[1123,23,45,56,67] 


A3 + 2A1 


73 


7 


[1145, 1123, 23, 45, 56] 


A3 + 2A1 


74 


7 


112,23,45,56,67] 


A3 + A2 


75 


7 




12,34,45,56,67 




A4 + Al 


76 


7 




23,34,45,56,67 




A5 


77 


7 




1123,34,45,56,67 




A 5 


78 


7 




1123, 23, 34, 45, 67 




D4 + Al 


79 


7 


[1123,23,34,45,56] 


D'y 


80 


7 


[1567, 1347, 1127, 12, 34, 56] 


6A1 


81 


7 


[1456, 1123, 12, 23, 45, 56] 


3A2 


82 


7 


11145, 1123, 12, 23, 45, 67] 


A3 + 3A1 


83 


7 


[1123, 12, 23, 45, 56, 67] 


A3 + A2 + Al 


84 


7 


[278, 12, 23, 34, 56, 67] 


2A3 


85 


7 


11123, 12, 23, 34, 56, 67] 


A4 + A2 


86 


7 


11123, 12, 34, 45, 56, 67] 


A5 + Al 


87 


7 


11145, 1123, 12, 23, 45, 56] 


A5 + Al 


88 


7 


[12,23,34,45,56,67] 


A6 


89 


7 


11145, 1123, 23, 45, 56, 67] 


Di + 2A1 


90 


7 




1123, 12, 23, 34, 45, 6' 




Do + Al 


91 


7 




1123, 23, 34, 45, 56, 6" 




D6 


92 


7 




1123, 12, 23, 34, 45, 5( 




E6 


93 


7 


[278, 1567, 1347, 1127, 12, 34, 56] 


7A1 


94 


7 


[278, 1567, 12, 23, 34, 56, 67] 


2A3 + Al 


95 


7 


[1456, 1123, 12, 23, 45, 56, 67] 


A5 + A2 


96 


7 


1278, 12, 23, 34, 45, 56, 67] 


A7 


97 


7 


[278, 1347, 1127, 12, 34, 45, 56] 


Di + 3A1 


98 


7 


[1145, 1123, 12, 23, 45, 56, 67] 


Dti + Al 


99 


7 


[1123, 12, 23, 34, 45, 56, 67] 


El 


100 


8 


[] 


AO 


101 


8 


[78] 


Al 


102 


8 


[56, 78] 


2A1 


103 


8 


[67, 78] 


A2 


104 


8 




34, 56, 78 




3A1 


105 


8 




45, 67, 78 




A2 + Al 


106 


8 




56, 67, 78 




A3 


107 


8 


[12, 34, 56, 78] 


4A1 


108 


8 


11145, 1123, 23, 45] 


4A1 


109 


8 


[23,45,67,78] 


A2 + 2A1 


110 


8 


[34,45,67, 78| 


2A2 


111 


8 




34, 56, 67, 78 




A3 + Al 


112 


8 




45,56,67,78 




A4 


113 


8 


[1123, 23, 34, 45] 


DA 


114 


8 


[1145, 1123, 23, 45, 78] 


5A1 


115 


8 


[1123, 23, 45, 67, 78] 


A2 + 3A1 


116 


8 




12, 34, 45, 67, 78 




2A2 + Al 


117 


8 




12, 34, 56, 67, 78 




A3 + 2A1 


118 


8 


[1145, 1123, 23, 45, 56] 


A3 + 2A1 


119 


8 




23, 34, 56, 67, 78 




A3 + A2 


120 


8 




23, 45, 56, 67, 78 




A4 + Al 


121 


8 


134, 45, 56, 67, 78] 


A5 


122 


8 




1123, 23, 34, 45, 78] 


D4 + Al 


123 


8 




1123, 23, 34, 45, 56] 


D5 


124 


8 


[156' 


, 1347, 1127, 12, 34, 56] 


6A1 


125 


8 


11145, 1123, 23, 45, 67, 78] 


A2 + 4A1 


126 


8 


11123, 12, 23, 45, 67, 78] 


2A2 + 2A1 


127 


8 


11456, 1123, 12, 23, 45, 56] 


3A2 


128 


8 


11145, 1123, 23, 45, 56, 78| 


A3 + 3A1 


129 


8 


11123, 12, 34, 56, 67, 78] 


A3 + A2 + Al 


130 


8 


[12, 23, 34, 56, 67, 78] 


2A3 


131 


8 


[1567, 1145, 1127, 12, 56, 78] 


2A3 


132 


8 


11123,23,45,56,67,78] 


A4 + 2A1 


133 


8 




2,23,45,56,67,78 




A4 + A2 


134 


8 




2,34, 45,56,67,78 




A5 + Al 


135 


8 


11145, 1123, 12, 23, 45, 56] 


A5 + Al 


136 


8 


[23,34, 45,56,67,78] 


A6 


137 


8 


11145, 1123, 23, 45, 56, 67] 


Di + 2A1 


138 


8 


11123, 23, 34, 45, 67, 78] 


Di + A2 


139 


8 




1123,23,34, 45,56,7* 




Do + Al 


140 


8 




1123, 23, 34, 45, 56, 6' 




Dli 


141 


8 




1123, 12, 23, 34, 45, 5e 




E6 


142 


8 


[278, 1567, 1347, 1127, 12, 34, 56] 


7A1 


143 


8 


[1456, 1123, 12, 23, 45, 56, 78] 


3A2 + Al 



28 



144 


8 


[278, 1347, 1127, 12, 34, 56, 78J 


A3 + 4A1 


145 


8 


[1145, 1123, 12, 23, 45, 67, 78J 


A3 + A2 + 2A1 


146 


8 


[1678, 1456, 1347, 1123, 12, 45, 78| 


2A3 + Al 


147 


8 




1123, 12, 23, 45, 56, 67, 78' 




A4 + A2 + Al 


148 


8 




1123, 12, 23, 34, 56, 67, 78 




A4 + A3 


149 


8 




1145, 1123, 12, 23, 45, 56, It 




A5 + 2A1 


150 


8 




1456, 1123, 12, 23, 45, 56, 6' 




A5 + A2 


151 


8 


[1123,12,34,45,56,67,78] 


A6 + Al 


152 


8 


[12, 23, 34, 45, 56, 67, 78] 


A7 


153 


8 




1567, 1145, 1127, 12, 23, 56, 78 




A7 


154 


8 




1567, 1347, 1127, 12, 34, 56, 78 




DA + 3A1 


155 


8 


[1567, 1347, 1145, 1127, 12, 56, 78| 


Di + A3 


156 


8 


[1145, 1123, 23, 45, 56, 67, 78] 


D5 + 2A1 


157 


8 


[1123, 12, 23, 34, 45, 67, 78] 


Do + A2 


158 


8 


[1145, 1123, 12, 23, 45, 56, 67] 


D6 + Al 


159 


8 


[1123,23,34,45,56,67,78] 


D7 


160 


8 




1123, 12, 23, 34, 45, 56, 78 




E6 + Al 


161 


8 




1123, 12, 23, 34, 45, 56, 67 




E7 


162 


8 


[308, 278, 1567, 1347, 1127, 12, 34, 56] 


8A1 


163 


8 


[1123, 1345, 1156, 1258, 1367, 1247, 1468, 1178] 


4A2 


164 


8 


[308, 278, 1567, 12, 23, 34, 56, 67| 


2A3 + 2A1 


165 


8 


[278, 1678, 12, 23, 34, 45, 67, 78] 


2A4 


166 


8 


[1678, 1145, 1123, 12, 23, 45, 67, 78] 


A5 + A2 + Al 


167 


8 


[234, 1145, 1123, 12, 23, 56, 67, 78] 


A7 + Al 


168 


8 


[1567, 1123, 12, 23, 34, 56, 67, 78] 


AS 


169 


8 


[278, 1567, 1347, 1127, 12, 34, 56, 78] 


Di + 4A1 


170 


8 


[234, 278, 12, 23, 34, 56, 67, 78J 


2134 


171 


8 


[278, 1567, 12, 23, 34, 56, 67, 78] 


Do + A3 


172 


8 


[278, 1347, 1127, 12, 34, 45, 56, 78] 


DC + 2A1 


173 


8 


[278, 12, 23, 34, 45, 56, 67, 78] 


D8 


174 


8 




1456, 1123, 12, 23, 45, 56, 67, 78 




E6 + A2 


175 


8 




1145, 1123, 12, 23, 45, 56, 67, 78 




E7 + Al 


176 


8 


[1123, 12, 23, 34, 45, 56, 67, 78| 


E8 



B Real structures of weak Del Pezzo surfaces 

The following table represents the output of Algorithm 33. 

Table 38. (real structures of weak Del Pezzo surfaces) 

• the 'index' column denotes the row index for future reference, 

• the 'rank' column denotes that the root subsystem of the real structure is contained 
in a root system of given rank, 

• the 'CI' column denotes the index in Table 37 corresponding to the root subsystem 
of the real structure, 

• the 'type' column denotes the type of the root root subsystem of the real structure, 

• the 'fO' columns denote the cardinality of the real Del Pezzo zero-set (thus classes in 
the Del Pezzo zero-set which are fixed by the real structure), 

• the 'fr columns denote the cardinality of the real Del Pezzo one-set, and 

• the 'f2' columns denote the cardinality of the real Del Pezzo two-set. 
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index 


rank 


CI 


type 


fO 


fl 


12 


1 


2 


1 


.40 


2 


3 


2 


2 


2 


2 


Al 





1 





3 


3 


3 


AO 


8 


6 


3 


4 


3 


4 


Al 


2 


2 


1 


5 


3 


5 


Al 


6 





3 


6 


3 


6 


2A1 








1 


7 


4 


9 


AO 


20 


10 


5 


8 


4 


10 


Al 


6 


4 


3 


9 


4 


11 


2A1 





2 


1 


10 


5 


16 


AO 


40 


16 


10 


1 1 


5 


17 


Al 


14 


8 


6 


12 


5 


18 


2A1 


4 


4 


2 


13 


5 


19 


2A1 


12 





6 


14 


5 


21 


3 Al 


2 





2 


15 




29 


£)4 





[) 


2 


16 


6 


32 


AO 


72 


27 


27 


17 


6 


33 


Al 


30 


15 


15 


18 


6 


34 


2A1 


12 


7 


7 


19 


6 


36 


3A1 


2 


3 


3 


20 


6 


44 


£)4 





3 


3 


21 


7 


53 


AO 


126 


56 


126 


22 


7 


54 


Al 


60 


32 


60 


23 


7 


55 


2A1 


26 


16 


26 


24 


7 


57 


3A1 


8 


8 


8 


25 


7 


58 


3A1 


24 





24 


26 


7 


61 


4A1 


6 





6 


27 


7 


68 


D4 


6 


8 


6 


28 


7 


78 


D4, + Al 


4 





4 


29 


7 


91 


Dli 


2 





2 


30 


7 


99 


El 











31 


8 


100 


AO 


240 


240 


2160 


32 


8 


101 


Al 


126 


126 


756 


33 


8 


102 


2A1 


60 


60 


252 


34 


8 


104 


3A1 


26 


26 


72 


35 


8 


107 


4A1 


8 


8 


24 


36 


8 


113 


D4 


24 


24 


24 


37 


8 


122 


DA + Al 


6 


6 


12 


38 


8 


140 


D6 


4 


4 


4 


39 


8 


161 


E7 


2 


2 





40 


8 


176 


ES 












Below is an explicit coordinate description of the real structure for each index in the above 
table: 

a : A{X) -> A{X), (H, Qi, . . . , Q,,) ^ (Do, . . . , D^) 

where A{X) is the enhanced Picard group of a real weak Del Pezzo surface (X, a). The 
coordinates are with respect to the standard Del Pezzo basis B{r). Below we denote 

{Dq, . . . , Dr) for each index., index — 1, ( , Qi , Q2 ) • index — 2, { H , Q2 , Qi ) • index — 3, ( J/ , Qi , Q2 , Q3 ) • 

index = 4, ( fl" , Qi , Q3 , Q2 ) • index ^ 5, { 2H - Q i - Q2 - Q3 , H - Q2 - Q3 , H - Q i - Q3 . H - Qi - Q2 ) ' index = 6, ( 2H" 

- Ql - Q2 - Q3 , H - Q2 - Q3 , H - - Q2 , H - Qi - Q3 ) » index = 7, ( fl , Qi , Q2 , Q3 , Q4 ) • index = 8, ( fl , Qi , Q2 , 
Q4 , Q3 ) • index = 9, ( fl , Q2 , Ql , Q4 , <33 ) • indea; = 10, ( fl , Qi , Q2 , Q3 , Q4 , Qs ) • index = 11, ( fl , Qi , Q2 , Q3 ■ Qs , <54 ) 
. index = 12, ( fl , Qi , Q3 , Q2 ■ Qs , Q4 ) • i"dea: = 13, ( 2H - Qi - Q2 - Q3 , H - Q2 - Q3 , H - Qi - Q3 , H - - Q2 , Qs, , 
Qi ) • rndea: = 14, ( 2fl - Qi - Q2 - Q3 , fl - Q2 - Q3 , « - Ql - Q2 , if - Ql - Q3 , Q5 , Q4 ) • index = 15, ( 3fl - 2Qi - Q2 

- Q3 - Q4 - Q5 . 2fl - Qi - Q2 - Q3 - Q4 - Qs ■ -ff - Ql - Q2 , -tf - Ql - Q3 , -tf - Ql - Q4 , -tf - Ql - Qs ) • indea: = 16, ( 
H , Qi , Q2 , Q3 , Qi , Q5 , Qe ) • indei = 17, ( fl , Qi , Q2 , Q3 , Q4 , Qe , Q5 ) • !"dea: = 18, ( fl , Qi , Q2 , Q4 . Q3 , Qe . Qs ) • 
index = 19, ( fl , Q2 , Q 1 , Q4 , Q3 , Qe , Qs ) • indea: = 20, ( 3fl - 2Qi - Q2 - Q3 - Q4 - Qs , 2fl - Qi - Q2 - Q3 - Q4 - Q5 , 

- Ql - Q2 , -H - Ql - Q3 , -tf - Ql - Q4 , -tf - Ql - Qs , Qe ) • indea: = 21 , ( fl , Qi , Q2 , Q3 , Q4 , Qs , Qe ■ Qt ) • indea; = 22, ( 
. Ql , Q2 , Q3 ■ Q4 , Qs . Q7 , Qe ) • indea: = 23, ( fl , Qi , Q2 , Q3 . Qs . Q4 , Q? , Qe ) • !"dea: = 24, ( fl , Q 1 , Q3 , Q2 , Qs , Q4 

, Q7 ■ Qe ) • index = 25, { 2H - Qi - Q2 - Q3 , H - Q2 - Q3 , H - Q i - Q3 , H - Qi - Q2 , Q i, , Q4 , Qt , Qe ) • index = 26, ( 2fl 

- Ql - Q2 - Q3 , -H - Q2 - Q3 . -H - Ql - Q2 , -H - Qi - Q3 , Qs , Q4 , , Qe ) . index = 27, ( 3fl - 2Qi - Q2 - Q3 - Qi - 
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Qs . 2ff - Qi - Q2 - Qa - Q4 - Q5 ■ -tf - Qi - Q2 , - Qi - Q3 , - Qi - Q4 , - Qi - Qb , Qe , <37 ) • i"dex = 28, ( 3H - 

■2Ql - Q2 - Q3 - Qi - Qs , 2H - Qi - Q2 - Q3 - Q4 - Qs , H - Qi - Q2 , H - Qi - Q3 , H - Qi - , H - Qi - Qs . Qt , 
Qe ) • index = 29, { 4,H ~ 3Qi ~ Q2 ~ Q3 - Q i - Q5 - Qe - Qv , 3H ^ 2Q i - Q2 - Qs ~ Q 4 ~ Q 5 - Qe ~ Qt , H ~ Qi ~ Q2 , H 

- Ql - Q3 , H ^ Ql - Q4 , H - Qi - Q.^ , H - Qi ^ Qe , H ~ Ql - Qr ) t index = 30, { 8H ~ 3Qi - 3Q2 - SQs - 3Q4 - 3Q5 - 
3Q6 - 3Q7 , 3H - 2Qi - Q2 - Qs - Q4 - Q5 - Qe - Q7 , 3// - Qi - 2Q2 - Q3 - Qi - Q5 ~ Qe - Q7 , 3H ~ Qi - Q2 - 2Q3 - 
Q4 - Qs - Qe - Q7 , 3H - Qi - Q2 - Q3 - 2Q4 - Qs - Qe - Q7 , 3H - Qi - Q2 - Q3 - Q4 - 2Q5 - Qe - Q7 , 3H - Qi - Q2 - 

Q3 - Q4 - Qs - 2Q6 - Q7 , 3H - Qi - Q2 - Q3 - Q4 - Q5 - Qs - 2(37 ) . indea: = 31, { H , Qi , Q2 , Q3 , Q 4 , Q5 , Qe , Qr , Qs 
) • indea; = 32, { H , Qi , Q2 , <?3 , Q4 , Q5 , Qe > Qs . Q7 ) • index = 33, ( H , Q 1 , Q2 , Q3 , Q4 , Qe , Q 5 , Qs , Qr ) • index = 34, { 
H , Qi , Q2 , Q4 , Q3 , Q6 , Q5 , Qs , Q7 ) • index ^ 35, ( H . Q2 , Qi , Q4 , Q3 , Qe , Qs , Qs , Q? ) * index = 36, ( 3H - 2Qi - Q2 

- Q3 - Q4 - Qs , 2H - Qi - Q2 - Q3 - Q4 - Qs , H - Qi - Q2 , H - Qi - Q3 , H - Qi - Q4 , H - Qi - Q5 , Qe , Qr , Qs ) • 
index ^ 37, ( 3H - 2Qi - Q2 - Q3 - Q4 - Q5 , ■iH - Qi - Q2 - Q3 - Q4 - Q5 , H - Qi - Q2 , H - Qi - Q3 , H - Qi - Q4 , H - 
Ql - Q5 , Qe , Qs , Q7 ) ' index = 38, ( 4H - 3Qi - Q2 - Q3 - Q4 - Q5 - Qe - Qr , 3H - 2Qi - Q2 - Q3 - Q4 - Qs - Qe - Qj 
, H - Qi - Q2 , H - Qi - Qs , H - Qi - Q4 , H - Qi - Q5 , H - Qi - Qe , H - Qi - Qr , Qg ) t index = 39, ( 8H - 3Qi - 3Q2 

- 3Q3 - 3Q4 - 3Q5 - 3Qe - 3Q7 , 3H - 2Qi - Q2 - Q3 - Q4 - Qs - Qe - Q7 , 3H - Qi - 2Q2 ~ Q3 ~ Qi ~ Q5 - Qe - Qr , 3H 

- Qi - Q2 ~ 2Q3 ~ Q4 - - Qe - Qr , 3H - Qi - Q2 ~ Q3 " 2Q4 - Qs - Qe - Q7 , 3H - Qi - Q2 - Q3 - Q4 - 2Q5 - Qe - 
Qr , 3H ^ Ql - Q2 - Q3 - Q4 - Q5 - 2Q6 - Q7 ■ 3ii" - Qi - Q2 - Q3 - Q4 - Qs - Qe - 2Q7 , Qs ) • = 40, ( 17H - 6Qi - 
6Q2 - 6Q3 - 6Q4 - 6Q5 - 6Q6 - 6Q7 - 6Q8 , 6fl" - 3Qi - 2Q2 - 2Q3 - 2Q4 - 2Q5 - 2Qe - 2Q7 - 2Q8 , 6H ~ 2Qi - 3Q2 - 2Q3 - 
2Q4 - 2Q5 - 2Qe - 2Q7 - 2Qs , 6H - 2Qi - 2Q2 - 3Q3 - 2Q4 - 2Q5 - 2Qe - 2Q7 - 2Qg , 6H - 2Qi - 2Q2 - 2Q3 - 3Q4 - 2Q5 - 
2Qe - 2Q7 - 2Qs , 6H - 2Qi - 2Q2 - 2Q3 - 2Q4 - 3Q5 - 2Q6 - 2Q7 - 2Qs , 6// - 2Qi - 2Q2 - 2(53 - 2Q4 - 2Q^ - 3Qe - 2Q7 

- 2Qs , 6H - 2Qi - 2Q2 - 2Q3 - 2Q4 - 2(35 - 2Q13 - 3Q7 - 2Qg , 6H - 2Qi - 2Q2 - 2Q3 - 2Q4 - 2Qb - 2Qg - 2Qj - 3Qs ) 
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